Abstract. In this article, we investigate the plus space of level N , where 4 −1 N is a square-free (not necessarily odd) integer. This is a generalization of Kohnen's work. We define a Hecke isomorphism
Introduction
The purpose of this paper is to establish the theory of newforms for the Kohnen plus space with respect to Γ 0 (N ), where 4 −1 N is a squarefree integer. This is a continuation of Kohnen's work (cf. [1] ) in the case when 4 −1 N is odd square-free. Let us describe our results. The space of cusp forms of weight k +1/2 with respect to Γ 0 (N ) is denoted by S k+1/2 (N ) and the Kohnen plus space S S. Yamana thanks Prof. Ikeda for useful discussion, and he is supported by JSPS Research Fellowships for Young Scientists.
We define the space of newforms S new,+ k+1/2 (N ) for S + k+1/2 (N ) to be the orthogonal complement of
where p extends over all prime divisors of 4 −1 N , in S + k+1/2 (N ) with respect to the Petersson inner product. LetT (p 2 ) (resp. T (p)) be the usual Hecke operator on the space of modular forms of half-integral (resp. integral) weight. The space of newforms for S 2k (Γ 0 Let us explain the contents of each section. In §1 we introduce the notion of modular forms of half-integral weight. Section 2 is an introduction to the theory of the Kohnen plus space . In §3 we describe the link between the full space of modular forms of half-integral weight and the Kohnen plus space . In §4 we describe Waldspurger's result, which we use in the proof of main results in §5.
Preliminaries
If z ∈ C and ∈ Z, then let z 1/2 be the square root of z such that −π/2 < arg z 1/2 ≤ π/2, and put z /2 = (z 1/2 ) . Fix an integer k. The set G consists of all pairs (γ, φ(τ )), where γ = ( a b c d ) is an element of the connected component GL + 2 (R) of GL 2 (R) and φ is a holomorphic function on the upper half-plane H satisfying
We define the group law of G by
For a function h on H and α = (γ, φ(τ )) ∈ G, we put h|α(τ ) = φ(τ ) −1 h(γτ ). There exists an injective homomorphism Γ 0 (4) → G given by
is the Kronecker symbol (see [2] ) and
Fix an integer N and an even Dirichlet character χ mod N such that We call a holomorphic function h on H a modular (resp. cusp) form of weight k + 1/2 with respect to Γ 0 (N ) and χ if h|γ * = χ(γ)h for every γ ∈ Γ 0 (N ) and it is holomorphic (resp. vanishes) at all cusps. The space of modular (resp. cusp) forms of weight k + 1/2 with respect to Γ 0 (N ) and χ is denoted by M k+1/2 (N, χ) (resp. S k+1/2 (N, χ)).
We denote the n-th Fourier coefficient of h by a n (h). Put
When χ is the trivial character, we write
We defineδ d ∈ G and an operator U (d) on formal power series bỹ
Note that τ (N ) 2 = 1 and 
18]). The Petersson inner product g, h is defined by
g, h = [SL 2 (Z) : Γ 0 (N )] −1 Γ 0 (N )\À g(τ )h(τ )y k−3/2 dxdy,where g ∈ S k+1/2 (N, χ), h ∈ M k+1/2 (N, χ) and τ = x + √ −1y.
Proposition 1.3. Let m be a positive divisor of N . Suppose that a complex valued function h on H satisfies the following conditions:
Then the following assertions hold.
(
1) If one of the conditions mf(χ ) N and 4m N is satisfied, then
Here χ = χ m and f(χ ) is the conductor of χ .
Proof. See [3, Lemma 7] .
Suppose that χ p = 1. Then the operator
and either 1 or −1. Then the following conditions are equivalent:
Proof. Our assertion is the same as [5, Proposition 1.29] if e = 2 and h ∈ S k+1/2 (N, χ). We can treat the general case on the same line.
The space M
+ k+1/2 (N, χ) Throughout this paper, we write
We abbreviate μ = μ k,χ and ν = ν k,χ if there is no fear of confusion.
For each integer j, we put
and write A = A * 1 ∈ G. For a function h on H, we define functions h|P 4 and h|P 8 on H by
Note that on formal power series
There are misprints in [1] . We should replace ε by χ 2 (−1)).
Definition 2.1. We define the C-linear map ℘ k,χ on formal power series by
Proof. We follow the same line of arguments in [1, pp.36-37] . Put
Therefore we have
It follows that N, χ) . Thus our assertions are immediate (see (2.1)). 
(ii) a n (g) = 0 if
Here, we put
Proof. Recall that we choose
.
Since b + jd and 8d are coprime if j is an odd integer, we can choose integers p, q, r, s and t such that
Note that r = 8d is divisible by N . Observing that
we have χ(s) = χ(−s) = χ 2 (−j) and
Let us set
a n (h)q n for i = 0, . . . , 7. Then, using the assumption (II) in §1, we have
where we abbreviate the sum over even j ∈ {0, 2, 4, 6} by h . Observe that h (τ + 1/2) = h (τ ). Applying Proposition 1.3 to
Replacing h with g and repeating the same process, we have for h ∈ M k+1/2 (N, χ), and 
We have thus completed the proof of Lemma 2.4.
A certain isomorphism
Proposition 3.1 (Kohnen) . We have
and the following direct sum decomposition holds.
Proof. As is well-known, , e((2k + 1)(2 − χ 2 (−1))/8) .
see the proof of Proposition 2.2 for notation). We havẽ
The following proposition is important since at the moment, our knowledge of the space S k+1/2 (8M, χ) is incomplete, although there are a number of results available in the space S k+1/2 (4M, χ). For example, fairly good information on S k+1/2 (4M, χ) was obtained in [6] .
The map k,χ , which sends M
, turns out to be the inverse of ℘ k,χ . Indeed, Proposition 2.2 (2) and 3.1 show that 4M, χ) ). Then we have
By virtue of Lemma 2.4, we have
Proof. Observing Proposition 2.2, 3.3 and their proofs, we have
Corollary 3.4 is an easy consequence of Proposition 3.1.
We shall use Corollary 3.4 and 5.2 in a forthcoming paper.
Results of Waldspurger
We use the notation in [6] in this section.
We denote by ρ v the local component at a place v of the automorphic representation determined by φ. Let S be the set of places such that ρ v is not a irreducible principal series.
We assume the following conditions:
Let V (N ) be the orthogonal complement of the space spanned by theta functions in S 3/2 (N ). The space S k+1/2 (N, φ) consists of all functions g ∈ S k+1/2 (N ) (resp. V (N )) such that g|T (p 2 ) = a p (φ)g for every rational prime p N if k > 1 (resp. k = 1).
For each rational prime p and non-negative integer e, Waldspurger [6] associated to φ a non-negative integerñ p and a set U p (e, φ) of functions on Q 
for each integer e. For each rational prime p and a ∈ Q × p , we put
where δ ij be the Kronecker delta, and ψ p (a) = 1, −1, 0 accordingly as
sc be the set of positive square-free integers. For each positive integer n, the unique element of the set N sc ∩ nQ ×2 is denoted by n sc . Let A be a function on N sc and E a positive integer which is divisible byÑ (φ). Put e p = ord p E and define a function g(c E , A) on H by
Waldspurger showed the following results in slightly more general situations.
Theorem 4.2 (cf. [6, Theorem 1]). Suppose that φ satisfies the hypotheses (H 1 ) and (H 2 ). There exists a function A
φ : N sc → C which satisfies the following conditions: 
where E extends over all positive divisors of N divisible byÑ (φ). 
for every a ∈ Q × 2 . Remark 4.1, 4.4 and Theorem 4.2 thus show that g φ ∈ S k+1/2 (Ñ (φ), φ). It follows from an easy computation that
for every p / ∈ S and a ∈ Q × p . Theorem 4.2, Proposition 4.3 (5) and Table 1 show that S k+1/2 (4M, φ) is spanned by functions g φ |U (b 2 ) with positive divisors b of 2d −1 M . We have only to show that these functions are linearly independent. For a positive integer N , the symbol t(N ) stands for the number of prime divisors of N . We see that
In view of Proposition 4.3 (4), we know that
where Prm 2k (d) denotes the set of primitive forms in S 2k (Γ 0 (d)). Since
2) and (4.3) show that the equality holds in (4.1). The proof of Proposition 4.5 is now complete.
Proof of Main Theorem
We now prove Theorem (see Introduction for notation and the statement). We write S Proposition 4.3 (b) shows that g φ |℘ k U k (q 2 ) = ω q g φ |℘ k for every prime divisor q of 4 −1 N . We thus observe that functions g φ |℘ k satisfy the conditions of (3). We are led to our assertion (1) and (2) by virtue of (5.1) and (5.2).
Remark 5.1. We can establish the newform theory for an even quadratic character χ. Letting f be the conductor of χ and observing that M 
